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Force sensors with precision beyond the standard quantum limit
Peter A. Ivanov
Department of Physics, St. Kliment Ohridski University of Sofia, James Bourchier 5 blvd, 1164 Sofia, Bulgaria
We propose force sensing protocols using linear ion chain which can operate beyond the quantum standard
limit. We show that oscillating forces that are off-resonance with the motional trap frequency can be detected
very efficiently by using quantum probes represented by various spin-boson models. We demonstrate that the
temporal evolution of a quantum probe described by the Dicke model can be mapped on the nonlinear Ramsey
interferometry which allows to detect far-detuned forces simply by measuring the collective spin populations.
Moreover, we show that the measurement uncertainty can reach the Heisenberg limit by using initial spin corre-
lated states, instead of motional entangled states. An important advantage of the sensing technique is its natural
robustness against the thermally induced dephasing, which extends the coherence time of the measurement pro-
tocol. Furthermore, we introduce sensing scheme that utilize the strong spin-phonon coupling to improve the
force estimation. We show that for quantum probe represented by quantum Rabi model the force sensitivity can
overcome those using simple harmonic oscillator as a force sensor.
PACS numbers: 03.67.Ac, 03.67.Bg, 03.67.Lx, 42.50.Dv
I. INTRODUCTION
A precise measurement of very weak forces using nano-
mechanical oscillators has broad and important applications
ranging from atomic force microscopy [1, 2] to testing the
fundamental physics [3, 4]. Various quantum-optical systems
can be used to detect very weak forces with sensitivity be-
low the attonewton range including for example nanomechan-
ical oscillator coupled to a microwave cavity [5], carbon nan-
otubes [6] and trapped ions [7–10]. In particular, trapped ions
are promising quantum system with application in the weak
force sensing due to the broad tunability of the trapping fre-
quencies as well as the high-precision read-out of the spin and
vibrational states. As has been shown in [11] a force sensitiv-
ity in the range of 1 yN (10−24 N) per √Hz can be achieved
when the external driving force oscillates exactly in resonance
with the ion’s motional frequency. Another approach consid-
ers force sensing protocols capable to detect forces that are
off-resonance with the trapping frequency by using various
spin-boson models [12, 13]. Recently, the detection of weak
low-frequency forces with sensitivity as low as 0.5 aN (10−18
N) per √Hz was experimentally demonstrated using Doppler
velocimetry technique [10].
In this work we study the temporal evolution of the col-
lective spin-boson Jahn-Teller model and show that it can
be mapped on nonlinear Ramsey interferometer for measur-
ing very weak forces. We consider force sensor protocols
that utilize the laser induced coupling between the collec-
tive spin states and single vibrational mode and show that
they can be used to detect very efficiently weak forces that
are off-resonance with the ion’s trap frequency. We demon-
strate that low-frequency forces that are below the trapping
frequency can be detected by using probe represented by the
Dicke model [14]. We show that for force detuning much
higher than the spin-phonon coupling the relevant force infor-
mation is mapped into the collective spin-degree of freedom.
This allows to use the spin correlation instead of motional en-
tangled states [15] to improve the force sensitivity. We show
that for initial uncorrelated spin states, the force sensitivity
is short noise limited, while for the initial maximum entan-
gled spin state the force sensitivity is Heisenberg limited. The
main advantage of the proposed sensing protocol is its natu-
ral robustness against the thermally induced spin dephasing,
which avoids the applications of additional dynamical decou-
pling techniques during the force estimation. The absence
of residual spin-vibrational interaction extends the coherence
time of the sensing protocol and allows to use ion chain which
is not laser cooled to the vibrational ground state.
Furthermore, we introduce force sensor technique which is
capable to detect time-varying forces with detuning smaller
than the spin-phonon coupling by mapping the relevant force
information into the vibrational degree of freedom. Here the
quantum probe is represented by the quantum Rabi model
describing the dipolar interaction between the single vibra-
tional mode and effective spin states [16]. We show that the
force sensitivity of our technique can overcome the sensitiv-
ity which is achieved by using simple harmonic oscillator as
a force sensor. Moreover, thanks to the strong spin-phonon
coupling our sensitivity can overcome even the best sensitiv-
ity that can be achieved when the force oscillates at resonance
with the ion’s trap frequency.
The paper is organized as follows: In Sec. II we introduce
the Janh-Teller spin-boson model which we use as a quan-
tum probe sensitive to very weak forces. In Sec. III we
discuss the physical implementation of the model using lin-
ear ion crystal. In Sec. IV we introduce nonlinear Ramsey
type sensing protocol capable to detect far-detuned forces by
measuring the collective spin population. Here the quantum
probe sensitive only to one force component is represented
by the Dicke model. For detuning much higher than the spin-
phonon coupling the model is mapped on the one-axis twisting
model. We show that the technique is not-sensitive to ther-
mally induced dephasing. It is shown that using the initial
spin correlation states can improve the force sensitivity to the
Heisenberg limit. In Sec. V we consider sensing protocol of
time-varying forces with detuning smaller than the spin-boson
coupling. Thanks to this we show that the minimal detectable
force of our protocol overcomes the best sensitivity which can
be achieved using simple harmonic oscillator as a force sen-
sor. Finally, in Sec. VI we summarize our findings.
2II. THE MODEL
We consider a model in which an ensemble of N two-state
atoms interact with two boson modes via Jahn-Teller coupling
[17]
ˆH = ˆH0 + ˆHJT + ˆHF ,
ˆH0 = ˆHb + ˆHs = h¯δxaˆ†x aˆx + h¯δyaˆ†y aˆy + h¯∆ ˆJz,
ˆHJT =
2h¯gx√
N
ˆJx(aˆ†x + aˆx)+
2h¯gy√
N
ˆJy(aˆ†y + aˆy),
ˆHF =
√
NFx(aˆ†x + aˆx)+
√
NFy(aˆ†y + aˆy). (1)
Here ˆH0 contains the free boson term where a†α , aα (α = x,y)
are the creation and annihilation operators corresponding to
oscillator with frequency ωα . The term ˆHs describes the inter-
action between the collection of spins and the external applied
magnetic field with strength ∆. The second term in (1) is the
Jahn-Teller spin-boson interaction with coupling strength gα ,
where ˆJβ = 12 ∑Nk=1 σβk (β = x,y,z) are the collective spin op-
erators with σβk being the Pauli operator for spin k. The last
term in (1) describes the action of force which displaces the
two bosonic modes with strength Fα .
The collective spin basis consists of the set of the eigen-
vectors {| j,m〉} of the two commuting operators ˆJ2 | j,m〉 =
j( j + 1) | j,m〉 and ˆJz | j,m〉 = m | j,m〉 (m = − j, · · · , j) with
j = N2 . The total Hilbert space is spanned in the basis
{| j,m〉⊗ ∣∣nx,ny〉}, where |nα〉 is the Fock state of the bosonic
mode with occupation number nα .
For general non-equal couplings gx 6= gy and Fx = Fy = 0
the model possesses a discrete Z symmetry. Indeed, the parity
operator defined by
ˆΠ = ˆΠs⊗ ˆΠb, ˆΠs = σ z1 ⊗·· ·⊗σ zN , ˆΠb = (−1)aˆ
†
x aˆx+aˆ
†
y aˆy ,
(2)
transform ˆJx,y → − ˆJx,y and aˆx,y → −aˆx,y which implies that
ˆH → ˆH.
Let us discuss a few well known limits of our model. First,
when either (gy = 0, gx 6= 0) or (gx = 0, gy 6= 0) the model is
equivalent to the Dicke model [14]. For the particular case of
single spin j = 1/2 it reduces to the quantum Rabi model [16].
In the symmetric case δx = δy and gx = gy the model (1) de-
scribes the U(1) invariant Jahn-Teller spin-boson interaction.
In the limit of N = 1 the model reduces to E⊗ e symmetrical
Jahn-Teller model which has been shown to possesses an ef-
fective gauge potential description [18]. On the other hand in
the semiclassical limit N ≫ 1 the model exhibits a magnetic
structural phase transition [19].
In the following, we discuss the physical realization of the
Hamiltonian (1) using linear ion crystal.
III. PHYSICAL IMPLEMENTATION
Trapped ions are a suitable system to implement the Jahn-
Teller spin-boson coupling in a two-level system by driving
simultaneously red- and blue-sideband transitions with exter-
nal laser field [20, 21]. Consider a linear ion crystal of N
trapped ions with mass m confined in a linear Paul trap along
the z axis with trap frequencies ωβ . The position operator of
ion k is given by
ˆ~rk = δ rx,k~ex + δ rˆy,k~ey +(z0k + δ rˆz,k)eˆz, (3)
where z0k are the equilibrium positions along the trapping z
axis and δ rˆβ ,k are the displacement operators around the equi-
librium positions. In terms of collective modes the latter can
be written as δ rˆβ ,k = ∑Np=1 bβk,p
√
h¯
2mωp,β (aˆ
†
p,β + aˆp,β ) where
aˆ
†
p,β and aˆp,β are respectively the creation and annihilation op-
erators of the pth vibration mode along β direction with cor-
responding vibrational frequency ωp,β and bβk,p are the normal
mode wave functions [22, 23]. We assume that the two-level
system of each ion consists of two metastable levels. Here we
consider an atomic Λ-type system where the Jahn-Teller cou-
pling is driven by a Raman-type interaction. For example such
a level structure occurs in the hyperfine levels of 171Yb+ ion
where the qubit states are formed by the magnetic insensitive
states |↑〉 = |F = 1,mF = 0〉 and |↓〉 = |F = 0,mF = 0〉 with
transition frequency ω0 [24]. The interaction-free Hamilto-
nian describing the ion crystal is given by
ˆHfree = h¯ω0 ˆJz + h¯
N
∑
p=1
∑
β=x,y,z
ωp,β aˆ†p,β aˆp,β . (4)
Consider that the linear ion crystal is simultaneously ad-
dressed by bichromatic laser fields in a Raman configura-
tion along two transverse orthogonal x and y directions with
laser frequencies beat notes ωr,α = ω0−∆− (ω1,α − δα) and
ωb,α = ω0 − ∆+ (ω1,α − δα) which induce a transition be-
tween the qubit states via an auxiliary excited state. Here
δx and δy are the detunings to the center-of-mass vibrational
modes along the two transverse directions so that ω1,x = ωx
and ω1,y = ωy, while ∆ is the detuning of the AC-Stark shifted
states with respect to ω0. The Hamiltonian describing laser-
ion interaction, after making optical rotating-wave approxi-
mation, is given by [25]
ˆHI = h¯Ωx
N
∑
k=1
{σ+k eikxδ rˆx, j−iφx(e−iωr,xt + e−iωb,xt)+ h.c.}
+h¯Ωy
N
∑
k=1
{σ+k eikyδ rˆy, j−iφy(e−iωr,yt + e−iωb,yt)
+h.c.}. (5)
Here Ωα are the two-photon Rabi frequencies, ~kα are the
laser wave vectors (kα = |~kα |) and φα are the respective
laser phases which we set to φx = pi/2 and φy = 0. Next
we assume the Lamb-Dicke limit and transform the Hamil-
tonian (5) in the rotating-frame with respect to ˆUR(t) =
e
−i(ω0−∆)t ˆJz−i∑α ∑Np=1(ωp,α−δα )taˆ†α aˆα which yields
ˆH0 + ˆHJT = ˆU†R( ˆHfree + ˆHI) ˆUR − ih¯ ˆU†R∂t ˆUR, (6)
where the spin-phonon couplings are gα = ηα Ωα with ηα =
kα r0,α stand for the Lamb-Dicke parameters (ηα ≪ 1) with
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Figure 1: (Color online) Time-evolution of the expectation value of
ˆJz operator for a system of N = 8 spins. We assume an initial state
|Ψ(0)〉 = | j, j〉|0x,0y〉. We compare the numerical solution of the
time-dependent Schro¨dinger equation with Hamiltonian (1) (solid
lines) with the solution using effective Hamiltonian (8) for ∆ = χxχy
(blue circles) and ∆ = 2χxχy (red triangles). The parameters are set
to gx = 5 kHz, gy = 3 kHz, δx =−85 kHz, δy =−80 kHz, fd,x = 10
yN and fd,y = 15 yN.
r0,α =
√
h¯/2mωα being the spread of the oscillator center-of-
mass ground-state wave function. In Eq. (6) we have assumed
motional rotating-wave approximation which is fulfilled as
long as |ω1,α −ωp 6=1,α | ≫ gα , |δα |. The latter condition en-
sures that all vibrational modes can be neglected except the
center-of-mass mode.
The last symmetry breaking term in (1) represents the
action of the external driving force that displaces a vibra-
tional amplitude of the transverse center-of-mass vibrational
modes. Indeed, the action of the force is described by
ˆHF(t) = ∑α ∑Nk=1 Fd,α(t)δ rˆα ,k, where we assume Fd,α(t) =fd,α cos[(ωα − δα)t] with fd,α being the amplitude of the
force. By transforming ˆHF(t) to the rotating frame by means
of ˆUR(t) and neglecting the fast-rotating terms we obtain ˆHF
where Fα = r0,α fd,α/2. In the following we introduce sens-
ing protocols that are capable to detect the force amplitude
fd,α by observing the time-evolution either of the collective
spin populations or the mean phonon number.
Finally, we note that the unitary operator ˆUR(t) commutes
with the observable of interest such as ˆJz and aˆ†α aˆα which im-
plies that this transformation does not introduce additional er-
ror during the force estimation.
IV. SENSING LOW-FREQUENCY FORCES
We begin by considering the weak coupling regime of our
model (1) in which the detuning δα of the driving force is
much higher than the spin-phonon coupling gα (|δα | ≫ gα ).
In that case the center-of-mass modes are only virtually ex-
cited, thereby they can be adiabatically eliminated from the
dynamics. This can be carried out by applying the canoni-
cal transformation ˆU = e ˆS to the Hamiltonian (1) such that
ˆHeff = ˆU† ˆH ˆU , where the anti-Hermitian operator ˆS is given
by
ˆS = 2gx
δx
√
N
ˆJx(aˆx− aˆ†x)+
2gy
δy
√
N
ˆJy(aˆy− aˆ†y)
+
√
N
Fx
δx
(aˆx− aˆ†x)+
√
N
Fy
δy
(aˆy− aˆ†y). (7)
Keeping only the leading terms of order of gα/δα the effective
Hamiltonian becomes ˆHeff = ˆH0 + 12 [ ˆHJT + ˆHF , ˆS]+ ˆH
′ which
yields
ˆHeff = ˆHspin + ˆHres + ˆH
′,
ˆH
spin = h¯∆ ˆJz−
4h¯g2x
Nδx
ˆJ2x −
4h¯g2y
Nδy
ˆJ2y −
4gxFx
δx
ˆJx− 4gyFyδy
ˆJy,
ˆHres = ˆHb +
2ih¯gxgy
Nδxδy
ˆJz{(δx + δy)(aˆ†x aˆy− h.c.)
−(δx− δy)(aˆ†x aˆ†y − h.c.)}, (8)
where the we have omitted the constant terms. The result in-
dicates that the phonon degree of freedom mediates an effec-
tive spin-spin interaction described by the nonlinear quadratic
collective spin operators in ˆHspin. In addition to it the effect
of the symmetry-breaking term ˆHF is to induce transition be-
tween the individual spin states which are captured by the last
two linear collective spin operators in ˆHspin. The term ˆHres is
the residual spin-phonon interaction, which does not couple
spins at different sites, but rather describes processes in which
phonon excitations are created and respectively reabsorbed by
the same spin. Note that as long as the quantum oscillators are
in their ground states the term ˆHres does not affect the collec-
tive spin dynamics and thus it can be neglected. Finally, the
term ˆH ′ = 13 [[ ˆHJT + ˆHF , ˆS], ˆS]+ . . . contains high-order terms
in the spin-phonon interaction which we neglected as long as
|δα | ≫ gα .
Hence, in the weak coupling regime the model (1) is
mapped into the generalized Lipkin-Meshkov-Glick (LMG)
Hamiltonian [26]. As can be seen from Eq. (8) the sign of
the coupling strengths of the non-linear spin terms depend on
the sign of the detunings δα , thus one could achieve ferromag-
netic interaction δα > 0 or respectively anti-ferromagnetic in-
teraction δα < 0. It is important to note that following the
same line as in [27, 28] our effective Hamiltonian (8) in the
anti-ferromagnetic regime possesses supersymmetric struc-
ture at the special point ∆ = χxχy where we define χ2α =
4g2α/(N|δα |). Indeed, it is straightforward to show that at this
point the Hamiltonian (8) takes the form
ˆHeff = h¯(χx ˆJx + iχy ˆJy + γ)(χx ˆJx− iχy ˆJy + γ∗)− h¯|γ|2, (9)
where γ = µxχx+ iµyχy and µα =FαN/2gα . Figure (1) shows
the time-evolution of the expectation value of ˆJz according the
model (1) compared with the effective Hamiltonian (8). As
expected, the effective picture based on LMG model is very
accurate in the weak coupling regime.
Let us now focus on the sensing protocol capable to detect
only one of the force components, namely fd,x. Thus in the
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Figure 2: (Color online) Time-evolution of the expectation value of
ˆJz operator for a system of N = 6 spins. We assume an initial thermal
vibrational state with average phonon number n¯ = 0.6. We compare
the numerical solution of the time-dependent Schro¨dinger equation
with Hamiltonian (1) (solid lines) with the solution using effective
Hamiltonian (10) (red circles). The parameters are set to gx = 5 kHz,
δx = 60 kHz, r0,x = 14.5 nm, fd,x = 1.5 yN.
following we set ∆ = 0, gy = 0 such that the quantum probe is
represented by the Dicke Hamiltonian describing the dipolar
interaction between the ensemble of N atoms with the single
vibrational mode. In the limit |δx| ≫ gx the effective Hamil-
tonian reduces to the one-axis twisting Hamiltonian
ˆHeff =−h¯χ2 ˆJ2x − h¯Ω f ˆJx, (10)
where we define χ = χx and Ω f = 2gxr0,x fd,x/h¯δx. In that case
as can be seen from Eq. (8) the residual spin-phonon term
ˆHres vanishes automatically. Moreover, it is straightforward
to show that even the high-order terms in the residual spin-
phonon coupling vanishes such that we have ˆH ′ = 0 which
indicates that for |δx| ≫ gx the model is exactly mapped into
the one-axis twisting Hamiltonian (10).
The nonlinear Hamiltonian (10) has been proposed for
practical applications to quantum metrology, since it can pro-
duce squeezed-spin states [29]. For example, such interaction
is used to perform precision measurements of the s-wave scat-
tering length between interacting atoms [30]. Here we study
the potential application of the model to high-precision force
sensing using linear ion crystal. In the following we wish
to determine the force amplitude fd,x by measuring the ex-
pectation values of the collective spin operator ˆJz. For this
goal let us assume that the system is prepared in the prod-
uct state ρˆ(0) = ρˆspin ⊗ ρˆosc where ρˆosc is the density opera-
tor for the quantum oscillator and ρˆspin = |Ψ(0)〉〈Ψ(0)| with
|Ψ(0)〉 = ∑ jm=− j dm| j,m〉x being the initial spin state where
dm is the reduced Wigner rotation matrix
dm =
√
(2 j)!
( j+m)!( j−m)! [cos(θ/2)]
j+m[sin(θ/2)] j−m. (11)
According to the effective model (10) the expectation value of
ˆJz evolves in time as
〈 ˆJz(t)〉= j sin(θ )(1−sin2(θ )sin2(ξ ))2 j−1 cos[ϕ f +(2 j−1)κ ],
(12)
where we define ξ = χ2t, ϕ f = Ω f t and κ =
tan−1(tan(ξ )cos(θ )) [31]. Hence, in order to determine
the force amplitude fd,x one needs to measure the phase
ϕ f . In Fig. (2) we show the signal as a function of time
assuming initial thermal phonon state. Remarkably, due
to vanishing the residual spin-phonon interaction, ˆH ′ = 0,
the force sensing protocol does not dependent on the initial
vibrational state of the linear ion crystal. As a result of that
the measured signal ia naturally robust with respect to the
thermally induced spin dephasing.
The uncertainty in the estimate of Ω f from the measured
signal 〈 ˆJz(t)〉 is given by
δΩ f =
〈∆2 ˆJz〉1/2
∂ 〈 ˆJz〉
∂Ω f
√
ν
, (13)
where 〈∆2 ˆJz〉1/2 =
√
〈 ˆJ2z 〉− 〈 ˆJz〉2 is the variance of the sig-
nal and ν is the number of times the estimation is repeated.
Assuming the particular value θ = pi/2 of the initial spin su-
perposition state we have
〈∆2 ˆJz〉 = j2 +
j(2 j− 1)
4
+
j(2 j− 1)
4
cos2( j−1)(2ξ )cos(2ϕ f )
− j2 cos2(2 j−1)(ξ )cos2(ϕ f ). (14)
Using Eqs. (12) and (14) one can show that the optimal sen-
sitivity is achieved at the points χ2t = 2kpi with k integer. At
these points the force sensitivity scales as δΩ f = 1/
√
TtN
where we use that ν = T/t, with T being the total experimen-
tal time. This is the standard quantum limit in accuracy for
measurement of Ω f using initial uncorrelated spin states.
The entangled motional states can be used to improve the
force estimation accuracy at the Heisenberg limit [15]. How-
ever, the physical implementation of such states is in practice
difficult since they are very sensitive to motional heating. On
the other hand the entangled spin states can be used to improve
the sensitivity of frequency estimation using Ramsey fringe
interferometry [32–34]. Because our technique relies on the
mapping the relevant force information into the spin-degree
of freedom we may use the spin entanglement to increase the
sensitivity of the force detection. Indeed, let us assume that
the system is prepared initially in the maximally correlated N-
particle Greenberger-Horne-Zeilinger (GHZ) spin state [35]
|Ψ(0)〉 = (| j, j〉x + | j,− j〉x)/
√
2. The time evolution of the
state according Eq. (10) will induce a phase shift proportional
to the force. Subsequently, the parity operator ˆΠs (2) is mea-
sured [33] which yields uncertainty in the force estimation
fd,x
√
T =
h¯δx
2Ngxr0,x
√
t
. (15)
Assume for example GHZ state with six ions [36, 37], δx =
100 kHz, gx = 5 kHz, r0,x = 15 nm and evolution time t = 10
ms and using Eq. (15) we estimate force sensitivity of order
of 0.1 yN Hz−1/2.
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Figure 3: (Color online) Time-evolution of the expectation value
of aˆ†x aˆx operator for various number of ions. We assume an ini-
tial | j,− j〉|0x〉. We compare the numerical solution of the time-
dependent Schro¨dinger equation with Hamiltonian (1) (solid lines)
with the solution using effective Hamiltonian (17). The parameters
are set to gx = 2.5 kHz, ∆ = 300 kHz, δx = 0.5 kHz, r0,x = 14.5 nm,
fd,x = 3 yN.
V. STRONG COUPLING REGIME
Let us now discuss the case in which the spin-phonon cou-
pling gα is higher than the force detuning δα (gα > δα ) which
benefits the strong phonon excitations. In contrast to the pre-
vious force sensing protocol, the force estimation can now be
performed by measuring the mean-phonon number [11]. To
this end we assume that the spin frequency ∆ is much larger
than the spin-phonon couplings (∆ ≫ gα ). In this limit the
spin dynamics become frozen, thus it can be decoupled from
the phonon degree of freedom by using canonical transforma-
tion ˆU = e ˆS with
ˆS =
2igy√
N∆
ˆJx(aˆ†y + aˆy)−
2igx√
N∆
ˆJy(aˆ†x + aˆx). (16)
The resulting effective Hamiltonian becomes
ˆHeff = ˆH0 + ˆHph + ˆHF + ˆH ′,
ˆHph =
2h¯g2x
N∆
ˆJz(aˆ†x + aˆx)2 +
2h¯g2y
N∆
ˆJz(aˆ†y + aˆy)2, (17)
where ˆH ′ contains high-order terms which can be neglected
as long as ∆ ≫ gα . The Hamiltonian (17) is diagonal in the
collective spin basis, thereby the spin-degree of freedom can
be traced out giving N +1 orthogonal sub-spaces correspond-
ing to each of the collective spin states | j,m〉. In addition to
it, the Hamiltonian (17) is quadratic in the bosonic operators,
thus it can be analytically diagonalized. Let us assume that
the system is initially prepared in the spin state | j,− j〉. The
corresponding bosonic Hamiltonian becomes
ˆHeff = ˆHx,ph + ˆHy,ph
ˆHα ,ph = h¯δα aˆ†α aˆα −
h¯g2α
∆ (aˆ
†
α + aˆα)
2 +
fd,α r0,α
2
(aˆ†α + aˆα),(18)
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Figure 4: (Color online) Force sensitivity as a function of the cou-
pling gx for a single trapped ion. We compare the exact numeri-
cal solution for δx = 0.14 kHz (dots), δx = 0.18 kHz (triangles) and
δx = 0.25 kHz (squares) with the analytical expression (20) (solid
line). The other parameters are set to ∆ = 270 kHz and r0,x = 14.5
nm.
Note that the model (18) has been studied in the context of a
quantum phase transition [38, 39] without the force symme-
try breaking term ˆHF . The unitary propagator corresponding
to the Hamiltonian (18) can be written as ˆU(t) = ˆUx(t) ˆUy(t),
where
ˆUα(t) = ˆD†(εα ) ˆS†(να)e−iυα taˆ
†
α aˆα ˆS(να ) ˆD(εα ). (19)
Here υα = δα
√
1−λ 2α with λ 2α = 4g2α/δα∆. ˆD(εα) =
eεα (aˆ
†
α−aˆα ) is a displacement operator with amplitude εα =√
N fd,α r0,α/δα(1− λ 2α) that is proportional to the external
force, and respectively ˆS(να) = eνα (aˆ
†2
α −aˆ†α ) is the squeeze op-
erator with squeezing parameter να =− 14 ln(1−λ 2α).
In Fig. (3) we show the time-evolution of 〈aˆ†x aˆx〉. The cor-
responding signal-to-noise ratio SNR = 〈aˆ†α aˆα〉/〈∆2aˆ†α aˆα〉1/2
equals to one determines the minimal detectable force. We
find that the optimal sensitivity is achieved at the points υα t =
kpi with k odd number. At these points the signal becomes
〈aˆ†α aα〉= 4ε2α with variance of the signal 〈∆2aˆα aˆα〉1/2 = 2εα .
The minimal detectable force is given by
f mind,α =
h¯pi
√
1−λ 2α
tr0,α
√
N
. (20)
The result (20) indicates that for a given force detuning δα one
can improve the respective force sensitivity limit by increas-
ing the coupling gα and thus λα , while keeping the constrain
∆ ≫ gα , see Fig. 4. Note that here we focus on the case
λα ≤ 1. On the other hand, λα > 1 leads to high phonon gen-
eration which however could break the Lamb-Dicke regime
[20]. Additionally, we find no major difference in the force
sensitivity from the example with λα ≤ 1.
Let us compare our minimal detectable force assuming sin-
gle trapped ion N = 1, with those using a simple harmonic
oscillator as a force sensor. For simplicity we assume that the
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Figure 5: (Color online) Signal-to-noise ratio versus heating rate for
various δx. We solve the master equation numerically (21) for single
trapped assuming for gy = 0. We set gx = 25 kHz, ∆ = 2.7 MHz, and
fd,x = 1.05 f mind,x , δx = 1.4 kHz (squares), fd,x = 1.14 f mind,x , δx = 2.1
kHz (circles) and δx = 3.0 kHz (triangles).
single ion force sensor is sensitive only to one of the force
components, namely fd,x with detuning δx. In that case the
quantum probe sensitive to the fd,x is represented by the Rabi
Hamiltonian, so that we set gy = 0 in Eq. (18). The mini-
mal detectable force for the harmonic oscillator force sensor
is f minHO = h¯pi/tr0,x which is achieved at δxt = kpi with k odd
integer. Comparing with (20) we conclude that f mind,x < f minHO ,
which indicates that this limit can be overcome within the evo-
lution time t = kpi/δx
√
1−λ 2x . Moreover, the best sensitiv-
ity is typically achieved when the time-varying force alter-
nate with resonance with the motional frequency of the har-
monic oscillator. In that case the minimal detectable force
is f minHO = 2h¯/r0,xt [11, 15]. Tuning the ratio λx in Eq. (20)
such that λx >
√
1− 4/pi2 we can overcome this force sensi-
tivity limit. For example, using the parameters in Fig. 4 with
detuning δx = 0.14 kHz and coupling gx = 2.5 kHz the corre-
sponding force sensitivity is 68 xN (10−27 N) per √Hz which
is achieved approximately for evolution time t = 40 ms, while
the force sensitivity for the simple harmonic oscillator at the
same evolution time is 74 xN per
√
Hz. However, in order
to observe such high force sensitivity the evolution time must
be short compared with the decoherence time due to the mo-
tional heating. For the latter example, this requires very low
heating rate of order of 〈n˙〉= 1 s−1 which can be achieved for
example in a cryogenic ion trap [40].
We examine the dependence on the motional heating of our
force sensing protocol by numerical integration of the master
equation
dρˆ
dt = −
i
h¯ [
ˆH, ρˆ]+ γdec
2
(n¯+ 1)(2aˆρˆ aˆ†− aˆ†aˆρˆ − ρˆaˆ†aˆ)
+
γdec
2
n¯(2aˆ†ρˆ aˆ− aˆaˆ†ρˆ − ρˆaˆaˆ†), (21)
where γ is the system decay rate and n¯ is the mean number of
quanta in the reservoir. In the limit n¯ ≫ 1 the system is char-
acterized by decoherence time tdec = 1/n¯γ and the motional
heating rate is 〈n˙〉= 1/tdec. Figure 5 shows the signal-to-noise
ratio as a function of the heating rate for various detuning δx.
As evident, the effect of 〈n˙〉 on the SNR is weaker for higher
δx, because in that case the relevant phonon degree of free-
dom becomes less excited. For example, we estimate force
sensitivity approximately to 0.4 yN/
√
Hz assuming 〈n˙〉= 0.05
ms−1, δx = 2.1 kHz, gx = 25 kHz, ∆ = 2.7 MHz within evo-
lution time t = 2 ms.
VI. CONCLUSIONS
In conclusion, we have introduced sensing protocols capa-
ble to measure amplitude of the time-varying forces that are
off-resonance with the trap frequencies of the ion chain. Us-
ing quantum probe described by the Dicke model, far-detuned
forces with detuning much higher than the spin-boson cou-
pling can be efficiently measured by mapping the relevant
force information into the collective spin-degree of freedom.
Thanks to that we have shown that the force sensitivity can
be improved by using initial spin correlated states, leading to
Heisenberg limited sensitivity. We have shown that the pro-
posed force sensing protocol is robust with respect to the ther-
mally induced dephasing, which prolong the coherence time
and thus improves the force sensitivity. We have also consid-
ered sensing protocol capable to detect forces with detuning
smaller that the spin-boson coupling. In that case, the relevant
force information can be extracted by measuring the mean-
phonon number. We have shown that thanks to the strong
spin-phonon coupling in the quantum Rabi model the force
sensitivity could overcome those using a simple harmonic os-
cillator as a force sensor.
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